We characterize a close connection between the continuous-time quantum-walk model and a discrete-time quantum-walk version, based on the staggered model with Hamiltonians in a class of Cayley graphs, which can be considered as a discretization of continuous-time quantum walks. This connection provides examples of perfect state transfer and instantaneous uniform mixing in the staggered model. On the other hand, we provide some more examples of perfect state transfer and instantaneous uniform mixing in the staggered model that cannot be reproduced by the continuous-time model.
Introduction
Quantization versions of classical random walks have been actively studied for the past two decades after the seminal papers (Aharonov et al. 1993; Farhi and Gutmann 1998; Szegedy 2004) . In this work we focus on extending some properties of the recent-proposed model of staggered quantum walks (Portugal et al. 2016a, b; Portugal 2016b ). This model is endowed with many interesting features, remarkably, it provides a generalization of the Szegedy's quantum walk model (Szegedy 2004 ) and exactly simulates the instances of flip-flop coined quantum walks that employ the Hadamard or Grover coins (Portugal 2016a ). An implementation of this model in the class of trianglefree graphs has also been recently proposed (Moqadam et al. 2016) .
Connections between continuous-time quantum walks and discrete-time coined quantum walks have been extensively analyzed (Strauch 2006; Childs 2010; Dheeraj and Brun 2015; Philipp and Portugal 2016) without providing a discretization procedure. In this paper, we show that in a special class of graphs and under certain conditions, the staggered quantum walk model is able to provide a natural discretization of a continuous-time quantum walk when the adjacency matrix can be written as a sum of commuting matrices related to a graph factorization.
Perfect state transfer has been demonstrated in spin chains (Bose 2007; Kay 2010) and can be mathematically modeled using the continuous-time quantum walk on graphs (Kendon and Tamon 2011; Coutinho 2014) . In this paper, we show that there is a large class of graphs on which the staggered quantum walk allows perfect state transfer. Part of this class is obtained by discretizing the examples from the continuous-time quantum walk. The remaining part shows that the staggered model allows for certain interesting features in terms of perfect state transfer that the continuous case does not possess. We then proceed to show that related phenomena, such as uniform mixing and periodicity, are also present.
The remainder of the paper is organized as follows. In Sect. 2, we review the staggered quantum walk model. In Sect. 3, we present a discretization of continuous-time quantum walks. In Sect. 4, we describe a especial kind of tessellation on Cayley graphs. In Sect. Cayley graphs of abelian groups that admits perfect state transfer. We also discuss staggered quantum walks on Cayley graphs of non-abelian groups. In Sect. 6, we provide a large class of examples of staggered quantum walks on Cayley graphs that admits instantaneous uniform mixing. In Sect. 7, we draw our conclusions.
Staggered quantum walks with Hamiltonians
We introduce some of the nomenclature needed along the text. We model a quantum walk on a finite graph by associating particle positions with vertices and hopping directions with edges. In this fashion, the quantum system is a graph, typically denoted as X ¼ ðV; EÞ, where V is the set of vertices and E V 2 is the set of edges.
A tessellation is a partition of V into tiles C 1 ; . . .; C k such that if any two vertices a and b belong to a tile, then fa; bg 2 E. Given a tessellation, a unitary operator H is defined by attaching to each tile C i a unit-length vector u i such that the support of u i is precisely the set of vertices in C i , and then letting
This way, H is forcibly unitary and Hermitian, that is, a reflection operator.
The staggered quantum walk model proposed in Portugal et al. (2016b) consists in defining (at least) two tessellations, say T 1 and T 2 , such that each edge of the graph belongs to at least one of them, along with the unit-length vectors associated to each. The evolution operator is therefore given by
A variation of this model more suitable for practical implementation was introduced in Portugal et al. (2016a) . Again, provided tessellations with their corresponding unitary matrices, and two parameters h 1 and h 2 , the evolution operator is given by
The staggered model with Hamiltonians takes advantage of the dual nature of reflection operators; they can either be used as propagators or Hamiltonians. Henceforth in this paper, we consider the model described in Eq.
(1) and its generalization with more than two tessellations. The greatest difficulty in dealing with this model comes from the fact that the spectrum of U has little to do with the structure of the underlying graph in the general case. In fact, other than unitary, little can be said about U at all. For this reason, we enforce extra properties. These might come in two flavours: to restrict the choices for the unit-length vectors used at each tessellation, and to see that the structure of the tessellations are somehow dependent on each other. In this direction, we focus on the following case • The unit vectors attached to each tile in a tessellation are real and uniform, that is, if the tile contains c vertices, the vector has entries equal 1= ffiffi ffi c p at each vertex in the tile, and 0 otherwise. • The matrices H i , corresponding to each tessellation T i , commute.
Perhaps quite surprisingly, there is a large class of graphs satisfying both properties above.
A discretization of continuous-time quantum walks on special graphs
Given a graph X, a tessellation covering of X consists of a set of tessellations such that each edge of X belongs to at least one tessellation. A tessellation covering is a factorization if each edge belongs to precisely one tessellation. A tessellation covering is uniform if each tessellation induces a partition into cliques of the same size. Note that although all graphs admit a tessellation factorization, in most cases these tessellations will not be uniform. A typical example of a uniform tessellation factorization is a factorization into perfect matchings, also known as a 1-factorization. Assume X has a uniform tessellation covering into k tessellations, let A i denote the adjacency matrix of the subgraph induced by the ith tessellation and let H i denote the unitary matrix obtained from each tessellation using the real and positive uniform superposition. Let c i denote the size of the cliques in the ith tessellation, and define
Now assume fA 1 ; . . .; A k g are commuting matrices. This means that fH 1 ; . . .; H k g are also commuting matrices, hence, for s 2 Z þ ,
and the quantum dynamics can be analysed locally at each H i . Moreover, if the covering is a factorization, then
and upon choosing h i to be a constant multiple of c i , say
This shows that, when a uniform tessellation factorization exists, it is possible to use the staggered quantum walk model from Portugal et al. (2016a) to emulate a continuous quantum walk model, that is, fU 0 ; U 1 ; U 2 ; . . .g provides a discretization of expðitAÞ in units of 2h, up to a global phase. This immediately raises the question of how common such structures are. We devote the next section to study a broad class of examples.
Tessellation-factorizations in Cayley graphs
Given a group G and a subset C of group elements which does not contain the identity id and is closed under taking the inverse, the Cayley graph CayðG; CÞ is the graph whose vertex set is G, and two vertices g and h are adjacent if gh À1 2 C. The set C is typically called the connection set. Consider a staggered quantum walk on the Cayley graph X ¼ CayðG; CÞ, where G is a finite abelian group and C is a connection set with the following properties 1. G ¼ hCi, and 2. g 2 C)g k 2 C for 0\k\ordðgÞ, where ordðgÞ is the order of g. Property (1) ensures that the graph is connected. Property (2) implies that if g 2 C then set fg k : 0 k\ordðgÞg is a clique in X and can be considered as a tile of some uniform tessellation of X.
If
then this partition induces a uniform factorization of X with k tessellations in the following way. The cosets of C i [ id in G are cliques (tessellation tiles) and the union of those cliques is the ith tessellation. The tessellation-factorization has no edges in the tessellation intersection and defines a staggered quantum walk on X with k tessellations.
As before, if A i is the adjacency matrix of the subgraph induced by the ith tessellation, that is, if
then, as the group is abelian, these matrices will commute. Defining H i , c i and h i ¼ h=c i and U as in the previous section, then powers of U provide a discretization of the continuous-time quantum walk expðitAÞ. As a result, phenomena such as perfect state transfer or uniform mixing in continuous time quantum walks (Chan 2013; Cheung and Godsil 2011; Bašić 2013; Godsil et al. 2017) can also be observed in (coinless) discrete time quantum walks.
However, we will see in the examples below that we are able to impose more control over the quantum dynamics if we vary the h i s and if we do not require the tessellations to provide a factorization. As a result, we can construct new examples of perfect state transfer, uniform mixing, and related phenomena.
Perfect state transfer
For a detailed introduction in the topic of perfect state transfer in graphs according to the continuous-time quantum walk model, we refer the reader to Coutinho (2014, Chapter 2), or Godsil (2012) . Proof Suppose C 1 has only one element, which must be of order 2. Denote by fA 1 ; . . .; A k g the adjacency matrices of each tessellation induced by the cosets of C i [ id in G.
Since A 1 corresponds to C 1 , which comprises one order-2 element, it follows that A 1 is a perfect matching. Let c i be the size of the cliques in A i , that is, c i is the cardinality of C i [ id. It follows that the distinct eigenvalues of each A i are c i À 1 and À1, hence these are integral graphs, and thus periodic. This means that if 2sh i =c i is an even multiple of p, then expð2iðh i =c i ÞsA i Þ ¼ I. Upon choosing h 1 such that sh 1 ¼ p=2, it follows that
where a is complex number of absolute value 1, depending on the h i s and c i s. Hence perfect state transfer occurs in this case. This construction can be carried out in any abelian group of even order, as an element of order 2 necessarily exists. If more elements of order 2 are available in the connection set, say g 1 ; . . .; g ' , perfect state transfer between the vertices corresponding to id and any product of the g i s can be manufactured by conveniently selecting the h i s for a given T.
In Fig. 1 , we depict a Cayley graph for Z 2 Â Z 2 Â Z 3 , with connection set C ¼ fð1; 0; 0Þ; ð0; 1; 0Þ; ð0; 0; 1Þ; ð0; 0; 2Þg. Let H 1 , H 2 and H 3 be the unitary Hermitian matrices obtained from the uniform superposition on the tessellations given by C 1 ¼ fð1; 0; 0Þg, C 2 ¼ fð0; 1; 0Þg and C 3 ¼ fð0; 0; 1Þ; ð0; 0; 2Þg respectively. The corresponding tessellations consist of horizontal edges (including curved ones), vertical edges and edges in the triangles, respectively. Define U as
If h 1 ¼ h 2 ¼ h, and h 3 ¼ 12h, then perfect state transfer occurs between a i and b i at time T ¼ p=2h. By making h 2 ¼ 2h, then perfect state transfer occurs between a i and c i .
In any example of perfect state transfer at time T based on Theorem 1, the quantum walk will be periodic with period 2T, because U 2T ¼ I modulo a global phase. It is possible to have periodicity without perfect state transfer if h is a rational multiple of p and if the perfect state transfer based on Theorem 1 would be produced at a rational (noninteger) number of steps, say T ¼ m=n, where m, n are coprime integers. In this case, the staggered quantum walk does not have perfect state transfer, but it is periodic with period m.
Example with an edge in the tessellation intersection
It is not necessary for the connection set to be partitioned into disjoint subsets. As long as each element in the connection set belongs to a subgroup entirely contained in the connection set, a set of tessellations containing all edges can be defined. However in this case, we no longer have a tessellation factorization, but simply a (uniform) tessellation covering.
Here is an example. Let G ¼ Z 2 Â Z 4 and C ¼ fð1; 0Þ; ð0; 1Þ; ð0; 2Þ; ð0; 3Þ; ð1; 1Þ; ð1; 3Þg:
Suppose that C 1 ¼ fð1; 0Þg, C 2 ¼ fð0; 1Þ; ð0; 2Þ; ð0; 3Þg, and C 3 ¼ fð1; 1Þ; ð0; 2Þ; ð1; 3Þg. Notice that C 2 \ C 3 is nonempty, which means that their corresponding tessellations will have an edge in the intersection. Figure 2 depicts the three tessellations separately. If h 1 ¼ h and h 2 ¼ h 3 ¼ 4h then perfect state transfer occurs between the vertices connected by the edges that belong to C 1 at time T ¼ p=2h, for instance, from vertex (1, 2) to (0, 2). Notice again that we have to choose h so that T is a positive integer. Otherwise, if p=2h is a rational number m / n with n [ 1, there is no perfect state transfer, but the walk is periodic modulo a global phase with period m.
In this example, edges associated with generator (0, 2) in the Cayley graph G belong to tessellations C 2 and C 3 . Examples with edges in the tessellation intersection are interesting because staggered quantum walks based on those tessellations do not reduce to the coined or Szegedy's models (Portugal 2016b) .
Non-abelian case
So far we have shown examples using Cayley graphs of abelian groups. Examples with non-abelian groups can be provided as well after taking an extra care of checking that the matrices H i used in Theorem 1 commute. As a guide to choose connection sets, we have the following result.
Theorem 2 Let A 1 and A 2 be the adjacency matrices of CayðG; C 1 Þ and CayðG; C 2 Þ, respectively, where
Proof First note that A 1 and A 2 commute if and only if ðA 1 þ IÞ and ðA 2 þ IÞ commute. Now let g and h be elements of G, and hence also vertices of CayðG; C 1 Þ and CayðG; C 2 Þ. By the definition of adjacency matrix of a Cayley graph, ðA 1 þ IÞ ga ¼ 1 , a 2 C 1 Á g and ðA 2 þ IÞ ga ¼ 1 , a 2 C 2 Á g. Then,
Likewise, P a2G ðA 2 þ IÞ ga ðA 1 þ IÞ ah ¼ ðC 2 Á gÞ \ ðC 1 Á hÞ j j . Moreover, note that if ðC 1 Á gÞ \ ðC 2 Á hÞ j j 6 ¼ 0, then there is a 1 2 C 1 and a 2 2 C 2 such that a 1 g ¼ a 2 h. Then
Likewise, if ðC 1 Á hÞ \ ðC 2 Á gÞ j j 6 ¼ 0 then ðC 1 Á hÞ\ j ðC 2 Á gÞj ¼ C 1 \ C 2 j j . We now proceed to show that C 1 Á C 2 ¼ C 2 Á C 1 if and only if, for all g; h 2 G, ðC 1 Á gÞ j \ðC 2 Á hÞj ¼ ðC 2 Á gÞ \ ðC 1 Á hÞ j j , which because of (3) is equivalent to showing that these intersections are either both empty or both non-empty.
Suppose that ðC 1 Á gÞ \ ðC 2 Á hÞ j j 6 ¼ 0 and ðC 1 Á hÞ\ j ðC 2 Á gÞj ¼ 0 (the opposite case is analogous). There is a 1 2 C 1 and a 2 2 C 2 such that a 1 g ¼ a 2 h. Then clearly hg À1 2 C 2 Á C 1 . However, if hg À1 2 C 1 Á C 2 then ðC 1 Á hÞ \ ðC 2 Á gÞ is also non-empty. Hence,
Now assume that jC 1 Á C 2 j [ jC 2 Á C 1 j (the opposite case is analogous). Let a 1 2 C 1 and a 2 2 C 2 be such that a 1 a 2 6 2 C 2 Á C 1 . It follows that ðC 1 Á a À1 2 Þ \ ðC 2 Á a 1 Þ ¼ 0, then ðA 2 þ IÞðA 1 þ IÞ a 1 a À1 2 ¼ 0, however
which contains at least the identity element. Thus ðA 1 þ IÞðA 2 þ IÞ a 1 a À1
If G is non-abelian, a staggered quantum walk on CayðG; CÞ admits PST if the connection set C can be written
pairwise commuting subgroups of G for all i and j and at least one C i has exactly one element.
Theorem 2 poses a strong restriction on the possible choices of connection sets. It seems that after taking into account this restriction any instance of perfect state transfer with a non-abelian group G can be reproduced by using some abelian groups of the same order in place of G. Notice that in our construction it does not matter whether C i is abelian or not.
Instantaneous uniform mixing
We say that the discrete time quantum walk described by the n Â n evolution operator U admits instantaneous uniform mixing at time s if U s is a flat complex matrix, that is, all its entries have absolute value equal to 1= ffiffi ffi n p . In continuous time quantum walks, instantaneous uniform mixing has been studied in, for instance, Chan (2013) , Godsil et al. (2017) , Adamczak et al. (2007) , Ahmadi et al. (2003) , Godsil and Zhan (2016) . In Ahmadi et al. (2003) , it was shown the instantaneous uniform mixing occurs in a complete graph K n if and only if n ¼ 2; 3; 4.
Theorem 3 Let X ¼ CayðG; CÞ be a Cayley graph for an abelian group. Suppose C is partitioned as C 1 ; . . .; C k , each C i [ id a group of order at most 4, and Q k i¼1 ðjC i j þ 1Þ ¼ jGj. Let A i be the adjacency matrix of each CayðG; C i Þ, and define Hermitian matrices H i to each C i as in Eq.
(2). Thus, for a suitable choice of h i s,
admits instantaneous uniform mixing at any chosen time s.
Proof First note that because the groups C i [ id have order at most 4, the matrices A i will be a collection of disjoint edges, disjoint triangles, or disjoint complete graphs of size 4, denoted by K 4 . Each of these components admits instantaneous uniform mixing. For each of these graphs define H i as in Eq.
(2), thus the matrices H i admit uniform mixing at times p=4, p=3, or p=2, respectively. This is because the matrix H i is the direct sum of n=c i Grover operators of dimension c i and the absolute value of any diagonal entry of expðih i H i Þ is equal to a nonzero nondiagonal entry if and only if j sin h i j ¼ ffiffi ffi n p =2, which indeed has real solutions only for n 4. Therefore, selecting 
Recall the hypothesis that the product of the cardinalities of the subgroups C i [ id is equal to jGj. Because these subgroups generate G, we have
Thus each element of G is written uniquely as a product of elements in each C i [ id. Therefore we can recursively split the product into parts, and using Claims 1 and 2, it follows that U is a matrix in which all entries are complex numbers of absolute value 1= ffiffiffiffiffiffi jGj p
. h
Note that the hypothesis that jGj ¼ Q ðjC i j þ 1Þ is equivalent to saying that G ffi bC i [ id. The fact that these factors are also determining the connection set implies that the theorem generates, up to isomorphism, a unique Cayley graph admitting uniform mixing for each abelian group of order 2 k 3 m that has no element of orders 8 or 9.
We note however that this hypothesis is not strictly necessary to achieve uniform mixing as described, given that we do know examples in which the connection set is denser and yet uniform mixing occurs. For example, any hypercube in which antipodal points have been made adjacent (Chan 2013 ). However we also know examples where the hypothesis fails and uniform mixing cannot occur.
Finally, recall that if n [ 4 then K n does not admit instantaneous uniform mixing in the continuous-time model. The arguments in the proof above also show that if C is partitioned into subgroups that generate each element of G uniquely and at least one of these subgroups has an element of order larger than 4, then there is no choice of h i s that would allow for instantaneous uniform mixing to occur in CayðG; CÞ using the staggered quantum walk model.
Conclusions
The main results of this work are Theorems 1 and 3, which describe a large class of examples of staggered quantum walks on Cayley graphs of abelian groups that admit either perfect state transfer or instantaneous uniform mixing. We have also discussed related topics such as periodicity and extensions using non-abelian groups.
Throughout the text, we presented a close connection between the continuous-time and the staggered quantum walk model. Under some assumptions, when we can cover the graph with a uniform tessellation, the staggered model provides a natural discretization of continuous-time quantum walks.
